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8.2 Minimalpolynome

Wurzel

Nullstelle ist [image: image1.png]


 von p (X) mit p ([image: image2.png]


) = 0,

wobei F = GF (2 r), [image: image3.png]


 aus F und p (X) aus F [X].

Ordnung
m eines Elements [image: image4.png]


 aus GF (2 r), wobei [image: image5.png]


 m = 1

Minimalpolynom
von [image: image6.png]


 aus GF (2 r) ist m [image: image7.png]


 (X) aus GF (2) [X],

falls [image: image8.png]


 Wurzel von m [image: image9.png]


 (X) ist und dabei minimalen Grad hat.


ACHTUNG:
Hat [image: image10.png]


 aus GF (2 r) Ordnung m, dann ist 1 + X m ein Polynom mit [image: image11.png]


 als

Nullstelle.


Sei [image: image12.png]


 [image: image13.png]


 0 aus GF (2 r) und m [image: image14.png]


 (x) ein Minimalpolynom von [image: image15.png]


. Dann gilt:


(a) m [image: image16.png]


 ist irreduzible über GF (2)


(b) Ist f (X) aus GF (2) [X] beliebig mit f ([image: image17.png]


) = 0, so ist m [image: image18.png]


 ein Faktor von f (X)


(c) Das Minimalpolynom ist eindeutig


(d) Das Minimalpolynom m [image: image19.png]


 (X) ist ein Faktor von 1 + (X hoch (2 r – 1))

Minimalpolynome finden

Gegeben:
[image: image20.png]


 aus GF (2 r)


Suche Linearkombination von 1, 2, 2 2, ..., 2 r mit Koeffizienten aus GF (2),

die sich zu 0 summiert:

[image: image21.png]


 i=0,...,k a i [image: image22.png]


 i = 0 für geeignete a i aus GF (2)

Das sich ergebende Polynom hat [image: image23.png]


 als Nullstelle.

Für minimales k (bzgl. linearer Abhängigkeit) hat man GF (2 r) über primitives Polynom

bzw. Element;

m [image: image24.png]


 (X) läßt sich mit [image: image25.png]


 = [image: image26.png]


 i als m i (X) verstehen.

(Grad des Minimalpolynoms s.u., Menge der Wurzeln)

Bsp
[image: image27.png]


 = [image: image28.png]


 3 aus GF (2 4)


Primitives Polynom dazu:
h (X) = 1 + X + X 4

m [image: image29.png]


 (X) = m 3 (X)
=
a 0 + a 1 X + a 2 X 2 + a 3 X 3 + a 4 X 4

m [image: image30.png]


 ([image: image31.png]


) = m 3 ([image: image32.png]


)
=
a 0 + a 1 [image: image33.png]


 3 + a 2 [image: image34.png]


 6 + a 3 [image: image35.png]


 9 + a 4 [image: image36.png]


 12




=
a 0 + a 1 (1 0 0 0) + a 2 (0 0 1 1) + a 3 (0 1 0 1) + a 4 (1 1 1 1)






(1000)
(0001)
...





=
(0 0 0 0)


Mit a 0 = a 1 = a 2 = a 3 = a 4 = 1:


m [image: image37.png]


 (X) = 1 + X + X 2 + X 3 + X 4 mit Wurzeln


{[image: image38.png]


, [image: image39.png]


 2, [image: image40.png]


 4, [image: image41.png]


 8} = {[image: image42.png]


 3, [image: image43.png]


 6, [image: image44.png]


 9, [image: image45.png]


 12}

(wegen ([image: image46.png]


 a i X i) 2 = [image: image47.png]


 a i 2 (X i) 2 = [image: image48.png]


 a i (X 2) i)


= (f (X)) 2



= f (X 2)


Damit gilt:
m 3 (X) = m 6 (X) = m 9 (X) = m 12 (X).

Menge der Wurzeln
von m [image: image49.png]


 (X) ist




{[image: image50.png]


, [image: image51.png]


 2, [image: image52.png]


 4, ..., [image: image53.png]


 hoch (2 r – 1)},




wobei [image: image54.png]


 aus GF (2 r) mit Minimalpolynom m [image: image55.png]


 (X).

grad m [image: image56.png]


 (X) = |{[image: image57.png]


, [image: image58.png]


 2, [image: image59.png]


 4, ..., [image: image60.png]


 hoch (2 r – 1)}|

Bsp
m 5 (X) sei Minimalpolynom von [image: image61.png]


 = [image: image62.png]


 5 aus GF (2 4)


{[image: image63.png]


, [image: image64.png]


 2, [image: image65.png]


 4, [image: image66.png]


 8} = {[image: image67.png]


 5, [image: image68.png]


 10}


=>
[image: image69.png]


 5 und [image: image70.png]


 10 sind Wurzeln von m 5 (X)


=>
grad m [image: image71.png]


 (X) = 2


m 5 (X) = a 0 + a 1 X + a 2 X 2

m 5 ([image: image72.png]


) = 0
<=>
0
=
a 0 + a 1 [image: image73.png]


 5 + a 2 [image: image74.png]


 10





=
a 0 (1 0 0 0) + a 1 (0 1 1 0) + a 2 (1 1 1 0)


=>
m 5 (X) = 1 + X + X 2

für a 0 = a 1 = a 2 = 1

	
	
	Element
	Minimalpolynom

	
	[image: image75.png]


 = [image: image76.png]



[image: image77.png]


 = [image: image78.png]


 3
[image: image79.png]


 = [image: image80.png]


 5
[image: image81.png]


 = [image: image82.png]


 7
	0

[image: image83.png]


, [image: image84.png]


 2, [image: image85.png]


 4, [image: image86.png]


 8
[image: image87.png]


 3, [image: image88.png]


 6, [image: image89.png]


 9, [image: image90.png]
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[image: image91.png]


 5, [image: image92.png]


 10
[image: image93.png]


 7, [image: image94.png]


 11, [image: image95.png]


 13, [image: image96.png]
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	X

1 + X

1 + X + X 2 + X 3 + X 4
1 + X + X 2
1 + X 3 + X 4
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