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Kapitel 3: Auswertung analytischer Funktionen

§ 10 Polynome

Verfahren zur (schnellen) Berechnung von Polynomen für konkrete Werte für x

Pn (x) = a0 + a1 x + a2 x 2 + ... + an x n

(an [image: image1.png]


 0)

Bildung der Teilsummen
x, x 2, x 3 = x 2 [image: image2.png]


 x, ..., x n = x n-1 [image: image3.png]


 x

s0 (x)

= a0
s k+1 (x)
= sk (x) + a k+1 [image: image4.png]


 x k+1
=>
Pn (x) = sn (x)

Bsp
P3 (x) = 1 + 2 x + 100 x 2 + 10 x 3
x = 10:
s0 (10) = 1

s1 (10) = 21

s2 (10) = 10 021

s3 (10) = 21

= P3 (10)

Horner-Schema
x = [image: image5.png]


:
Pn ([image: image6.png]


)
= a0 + a1 [image: image7.png]


 + a2 [image: image8.png]


 2 + ... + an [image: image9.png]


 n


= a0 + [image: image10.png]


 [a1 + [image: image11.png]


 [a2 + [image: image12.png]


 [a3 + ... + [image: image13.png]


 an] ]...]

a'[image: image14.png]


 = a [image: image15.png]


 + a'[image: image16.png]


+1


für [image: image17.png]


 = 1, ..., n – 1
sowie

a'n = a n
und
a'n+1 = 0

=>
Pn (x)
= [image: image18.png]
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=0,...,n a [image: image20.png]


 x [image: image21.png]



= [image: image22.png]
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=0,...,n (a'[image: image24.png]


 - a'[image: image25.png]


+1 [image: image26.png]


) x [image: image27.png]



= [image: image28.png]
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=0,...,n a'[image: image30.png]


 x [image: image31.png]


 - [image: image32.png]


 µ=1,...,n+1 a'µ [image: image33.png]


 x µ-1
= a'0 + (x - [image: image34.png]


) [image: image35.png]


 [image: image36.png]


 µ=1,..,n a'µ x µ-1
=>
Pn ([image: image37.png]


) = a'0
Schema

Initialisierung mit a' n = a n,

dann Addition der untereinanderstehenden Werte,

Multiplikation des Ergebnisses mit [image: image38.png]


, um nächsten Summanden a' n-1 zu ermitteln:

[image: image39.png]
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Aufwand
Die Berechnung eines Polynoms Pn ([image: image41.png]


) nach dem Horner-Schema erfordert nur etwa halb soviele Multiplikationen wie die Berechnung über die einzelnen Potenzen von [image: image42.png]


.

n Multiplikationen

n Additionen

	vollständiges Horner-Schema
	Pn (x) = a'0 + (x – [image: image43.png]


) [image: image44.png]


 [image: image45.png]


 µ=1,...,n a'µ x µ-1
mit Pn-1 (x) = [image: image46.png]


 µ=1,...,n a'µ x µ-1
Pn (x)

= Pn-1 (x) [image: image47.png]


 (x – [image: image48.png]


) + a'0
Pn-1 (x)
= Pn-2 (x) [image: image49.png]


 ( x – [image: image50.png]


) + a''1
Pn-2 (x)
= Pn-3 (x) [image: image51.png]


 ( x – [image: image52.png]


) + a''2
...

P1 (x)

= P0 (x) [image: image53.png]


 ( x – [image: image54.png]


) + a (n) n-1
P0 (x)

= a (n+1) n

	zur Berechnung der konkreten Werte für ein Polynom und seine Ableitungen
	


=>
Pn (x) = a'0 + a''1 [image: image55.png]


 (x – [image: image56.png]


) + a'''2 (x – [image: image57.png]


) 2 + ... + a(n+1) n (x – [image: image58.png]


) n
Pn (x) = Pn ([image: image59.png]


) + [P'n ([image: image60.png]


) / 1! ][image: image61.png]


(x–[image: image62.png]


) + [P''n ([image: image63.png]


) / 2! ][image: image64.png]


(x–[image: image65.png]


)2 + ... + [P(n)n ([image: image66.png]


) / n! ][image: image67.png]


(x–[image: image68.png]


)n
=>
a(k+1) k = (1 / k!)  P(k) n ([image: image69.png]


)
k = 0, ..., n
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P4 (x) = 9 + 13 [image: image72.png]


 (x – 2) + 12 [image: image73.png]


 (x – 2 ) 2 + 6 [image: image74.png]


 (x – 2 ) 3 + 1 [image: image75.png]


 ( x – 2) 4
Aufwand

n + (n – 1) + ... + 2 + 1 = (n / 2) [image: image76.png]


 (n + 1) Multiplikationen

doppelzeiliges Horner-Schema
gibt es auch: Für komplexe Argumente
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