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§ 13 Padé-Approximationen analytischer Funktionen

Landau-Symbole
O, o
Sei M [image: image1.png]


 C mit einem Randpunkt z0 von M und Funktionen f, g: M [image: image2.png]


 C gegeben:

a)
Gibt es eine Konstante K > 0 und eine Umgebung

U r (z0) = { z ; | z – z0 | < r },   so dass

| f (z) | [image: image3.png]


 K [image: image4.png]


 | g (z) |
für alle z [image: image5.png]


 U r (z0) [image: image6.png]


 M,   schreibe

f (z) = O ( g (z) )
für z [image: image7.png]


 z0,

sprich 'f ist O von g'



(groß-oh)

b)
Gibt es zu jedem [image: image8.png]


 > 0 eine Umgebung U (z 0), so dass

| f (z) | [image: image9.png]


 [image: image10.png]


 [image: image11.png]


 | g (z) |
für alle z [image: image12.png]


 U (z 0) [image: image13.png]


 M,   schreibe

f (z) = o ( g (z) )
für z [image: image14.png]


 z 0,

sprich 'f ist o von g'



(klein-oh)

Rechenregeln:
Für x [image: image15.png]


 x 0:

a)
O (f) + O (f) = O (f)

b)
O (f) [image: image16.png]


 O (g) = O (f [image: image17.png]


 g)

c)
O (O (f)) = O (f)

d)
O [o (f)] = o [O (f)] = o [o (f)] = o (f)

Bsp:

a)
lim z [image: image18.png]


 z 0 f (z) = a
<=>
f (z) = a + o (1)
(z [image: image19.png]


 z 0)




  =>
f (z) = O (1)

(z [image: image20.png]


 z 0)

b)
Polynom Pn vom Grad n > 0:

Pn (z) = O (1)

(z [image: image21.png]


 0)

Pn (z) = O (z n)
(z [image: image22.png]


 [image: image23.png]


)

Pn (z) / z n = ( [image: image24.png]


 [image: image25.png]


=0,...,n a [image: image26.png]


 z [image: image27.png]


 ) / z n = [image: image28.png]


 [image: image29.png]


=0,...,n ( a [image: image30.png]


 / z n-[image: image31.png]


 )
[image: image32.png]


 a n
c)
Stirlingsche Formel
(s.u.)

	Stirlingsche Formel
	lim n [image: image33.png]


 [image: image34.png]



	[image: image35.png]nl

PP




	= 1


=>
n! = O ( [image: image36.png]


 )
(n [image: image37.png]


 [image: image38.png]


)

	
	1 [image: image39.png]



	[image: image40.png]nl

PP




	[image: image41.png]


 1,09
	
	für alle n [image: image42.png]


 N


	
	[image: image43.png]nl

PP




	= 1 + o (1)
	n [image: image44.png]


 [image: image45.png]





	Hankel-Matrix
	Hk (n) =
	[image: image46.png]Cn Cowt Crvkct
Ct G2 Crek

Coskd  Crek Craok.n




	[image: image47.png]


 Mk (C) für feste k, n [image: image48.png]


 N0.


Dabei ist eine beliebige Zahlenfolge (cn) n [image: image49.png]


 N0 mit cn aus C gegeben.

Hankel-Determinante
ist die Determinante einer Hankelmatrix

Bsp: cn = 1 / n!   (n [image: image50.png]


 N0).   Für alle k, n [image: image51.png]


 N0:

det Hk (n) = (– 1) 1/2 k (k-1)  [image: image52.png]


 [image: image53.png]


 [image: image54.png]


=1,...,k ([image: image55.png]


– 1)! / (n + k + [image: image56.png]


 – 2)! [image: image57.png]


 0
Padé-Approximation
von f ist die rationale Funktion [L / M]

	
	[L / M] f (z) =
	[image: image58.png]agtagz+. +a

T+b,z+. +b, 2"




	, falls

	

	
	f (z) =
	[image: image59.png]agtagz+. +a

T+b,z+. +b, 2"




	+ O (z L+M+1)
	für z [image: image60.png]


 0


Dabei ist eine analytische Funktion f (z) = [image: image61.png]


 n=0,...,[image: image62.png]


 cn z n

mit | z | < [image: image63.png]


 gegeben.

[L / M] zur analytischen Funktion ex. und ist eind. bestimmt   <=>   det HM (L – M + 1) [image: image64.png]


 0

Dann ergeben sich die Koeffizienten a0, ..., aL, b1, ..., bM als Lösung der   Padé-Gleichungen

	
	HM (L – M + 1) [image: image65.png]



	[image: image66.png]b
bt

by




	=   –
	[image: image67.png]CLa
CLa

Clam




	und
	a0 = c0
a1 = c1 + b1 c0
a2 = c2 + b1 c1 + b2 c0
...

a L = c L + [image: image68.png]


 [image: image69.png]


=1,...,min (L, M) b [image: image70.png]


 c L-[image: image71.png]





	Padé-Tafel
	M \ L
	0
	1
	2
	...

	
	
	
	
	
	

	
	0
	[0/0]
	[1/0]
	[2/0]
	

	
	
	
	
	
	

	
	1
	[0/1]
	[1/1]
	[2/1]
	

	
	
	
	
	
	

	
	...
	
	
	
	


Normal heißt die Tafel, wenn für alle L, M [image: image72.png]


 0 stets det HM (L – M + 1) [image: image73.png]


 0 ist.

	Bsp Tafel
	M \ L
	
	0
	
	
	1
	
	
	2
	
	...

	
	0
	
	1
	
	
	1 + z
	
	
	2 + 2 z + z 2
	
	

	
	
	
	1
	
	
	1
	
	
	2
	
	

	
	1
	
	1
	
	
	2 + z
	
	
	6 + 4 z + z 2
	
	

	
	
	
	1 – z
	
	
	2 – z
	
	
	6 – 2 z
	
	

	
	2
	
	2
	
	
	6 + 2 z
	
	
	12 + 6 z + z 2
	
	

	
	
	
	2 – 2 z + z 2
	
	
	6 – 4 z + z 2
	
	
	12 – 6 z + z 2
	
	

	
	...
	
	
	
	
	
	
	
	
	
	


	Bsp
	f (z) =
	[image: image74.png]J 214z




	für z [image: image75.png]


 – 1/2


f (z) = 1 – 3/4 z + (39 / 32) z 2 + O (z 3)
für z [image: image76.png]


 0

f (z) = 8 + 7 z / 8 + 13 z + O (z 3)
für z [image: image77.png]


 0
(z [image: image78.png]


 – 8/13)

	
	[image: image79.png]T
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	lim z [image: image80.png]


 [image: image81.png]


 T2 (f, 0, z) = + [image: image82.png]





	
	
	lim z [image: image83.png]


 [image: image84.png]


 [1/1] f (z)
	= 7/13

= 1/2 + 1/26

> 1/2



	
	
	lim z [image: image85.png]


 [image: image86.png]


 f (z) = 1/2


Konsistenz-Eigenschaft


Sei f (z) = [image: image87.png]


 n=0,...,[image: image88.png]


 cn z n die für | z | < [image: image89.png]


 konvergente Taylorreihe der rationalen Funktion f

mit der teilerfremden Darstellung

	
	f (z) =
	[image: image90.png]


 0 + [image: image91.png]


 1 z + ... + [image: image92.png]


 p z p


	
	
	1 + [image: image93.png]


 1 z + ... + [image: image94.png]


 q z q


Dann ist   [ p + i / q + j ] f (z) = f (z) für alle i, j [image: image95.png]


 N0 eine Padé-Approximation von f.

	
	(i) Es gilt:
	M \ L
	0
	1
	...
	p
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	...
	
	
	
	
	

	
	
	1
	
	
	
	...
	
	
	
	
	

	
	
	...
	
	
	
	...
	
	
	
	
	

	
	
	q
	...
	...
	...
	*
	*
	*
	*
	*
	*

	
	
	
	
	
	
	*
	*
	*
	*
	*
	*

	
	
	
	
	
	
	*
	*
	*
	*
	*
	*

	
	
	
	
	
	
	*
	*
	*
	*
	*
	*

	
	
	
	
	
	
	
	
	
	
	
	


(ii)
det HM (L – M + 1) [image: image96.png]


 0

Bsp
f (x) = 1 + x 2

Suche [1/1] f (x)

(p0 + p1 x) / (q 0 + q 1 x) = 1 + x 2 + O (x 3)

(x [image: image97.png]


 0)

=>
(p0 – q 0) + (p1 – q 1) x + q 0 x 2 = O (x 3)
(x [image: image98.png]


 0)

=>
p0 – q 0 = 0,   p1 – q 1 = 0,   q 0 = 0



=>
q 0 = 0 => p0 = 0 => p1 = q 1
=>
1 = 1 + x 2 + O (x 3)
(x [image: image99.png]


 0)
WIDERSPRUCH!

Bsp
f (x) = 1 + x + x 2 + x 3
Suche [1/2] f (x)

(a0 + a1 x) / (1 + b1 x + b2 x 2) = 1 + x + x 2 + x 3 + O (x 4)

(x [image: image100.png]


 0)

=>
(1 – a0) + (1 – a1 + b1) x + (1 + b1 + b2) x 2 + (1 + b1 + b2) x 3 = O (x 4)     (x [image: image101.png]


 0)

=>
b1 + b2 = – 1,   a 0 = 1,   a 1 = 1 + b1


=>
a0 = 1,  a1 = 1 + b,  b1 = b,  b2 = – 1 – b   mit b [image: image102.png]


 R beliebig

	
	=>
	[1/2] f (x) =
	1 + (1 + b) x



	
	
	
	1 + b x – (1 + b ) x 2
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