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Kapitel 6: Eigenwertprobleme bei Matrizen

§ 21 Lokalisationssätze

Spektrum und EWe
Sei A [image: image1.png]


 Mn (R). Dann gilt:

(i)
A symmetrisch


=>
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 (A) [image: image3.png]


 R
(ii)
A schiefsymmetrisch, [image: image4.png]
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 (A)
=>
Re [image: image7.png]


 = 0

(iii)
A positiv definit, [image: image8.png]
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 (A)

=>
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 > 0

(iv)
A orthogonal, [image: image12.png]
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 (A)

=>
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 | = 1

Satz von Hirsch
[image: image16.png]


 (A) [image: image17.png]


 || A ||

für jede Matrixnorm (vgl. § 1)




Bew
Sei [image: image18.png]


 [image: image19.png]


 [image: image20.png]


 (A), x [image: image21.png]


 0 zugehöriger EV und || . || die zu

N kompatible Vektor-Norm:

Aus A x = [image: image22.png]


 x folgt:
|| [image: image23.png]


 x || = || A x ||

=>
| [image: image24.png]


 | [image: image25.png]
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 N (A) [image: image27.png]


 || x ||      =>
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 | [image: image29.png]


 N (A)

Zusammenhangskomponente

ist maximale zusammenhängende Teilmenge

Kreis-Satz von Gerschgorin
Sei A = (ajk) [image: image30.png]


 Mn (R). Setzen wir

Zeilen: rj = [image: image31.png]


 k=1,...,n; k [image: image32.png]


 j | ajk |

für j = 1, ..., n   und

Spalten: sk =  [image: image33.png]


 j=1,...,n; j [image: image34.png]


 k | ajk |

für k = 1, ..., n,      so gilt:

(i) Jeder Eigenwert [image: image35.png]


 von A liegt in der Vereinigung R der Kreise | z – a jj | [image: image36.png]


 rj   (j = 1, .., n).

(ii) Jeder EW [image: image37.png]


 von A liegt in der Vereinigung S der Kreise | z – a kk | [image: image38.png]


 sk   (k = 1, ..., n)

(iii)
Jede Zusammenhangskomponente von R bzw. S enthält ebenso viele EWe, wie

Kreisscheiben an der Komponente beteiligt sind, beide gemäß ihren Vielfachheiten.

Corollar

A = (ajk) [image: image39.png]


 Mn (R), D = diag (d1, .., dn), det D [image: image40.png]


 0.      Dann folgt mit [image: image41.png]
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 (A):
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 ajj | [image: image46.png]
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 k=1,...,n; k [image: image48.png]


 j | ajk | [image: image49.png]



	
	d k
	
	j = 1, ..., n

	
	
	
	d j
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 j=1,...,n; j [image: image54.png]
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	k = 1, ..., n

	
	
	
	d j
	
	


	Bsp
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1 = – 0,90457
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2 = 1, 49120
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3 = 7,41336
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4 = 9
	| [image: image61.png]
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 || A || Z, S
|| A || Z = 11,

|| A || S = 12
	Zeilen

| [image: image63.png]
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 4
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 2
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 1
	Spalten
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 3
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 3
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 0
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Frobeniussche Begleitmatrix
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Dabei ist das Polynom Pn (z) = z n + a n-1 z n-1 + ... + a1 z + a0 gegeben.

Es gilt:

Die Frobeniussche Begleitmatrix A hat das charakteristische Polynom

det (A – [image: image80.png]
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 I) = (– 1) n [image: image82.png]


 Pn ([image: image83.png]


)
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Für n = 1 trivial

Für n > 1:

	
	[image: image84.png]B







det (A – [image: image85.png]
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 I)
= – [image: image87.png]
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 det (A~ – [image: image89.png]
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 I) + (– 1) n [image: image91.png]


 a0
= (– [image: image92.png]


) [image: image93.png]


 (– 1) n [image: image94.png]


 ([image: image95.png]


 n-1 + ... + a1) + (– 1) n [image: image96.png]


 a0
= (– 1) n [image: image97.png]


 Pn ([image: image98.png]


)
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Abschätzungen
für die Nullstellen z [image: image100.png]
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 C ([image: image102.png]


 = 1, ..., n) des Polynoms

Pn (z) = z n + a n-1 z n-1 + ... + a0 :

(i)
z [image: image103.png]


 liegt in der Vereinigung der Kreise

| z | [image: image104.png]


 1,

| z + a n-1 | [image: image105.png]
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 j=0,...,n-2 | a j |

(ii)
z [image: image107.png]


 liegt im Kreis

| z | [image: image108.png]


 || A || S = Max { | a0 | , 1 + | a [image: image109.png]


 | }
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Satz zur Frobeniusschen Begleitmatrix u. Satz von Gerschgorin
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